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Abstract: Let X be a compact quotient of the product of the real Heisenberg group
H4m+1 of dimension 4m + 1 and the 3-dimensional real Euclidean space R
3. A left
invariant hypercomplex structure on H4m+1×R
3 descends onto the compact quotient
X . The space X is a hyperholomorphic fibration of 4-tori over a 4m-torus. We
calculate the parameter space and obstructions to deformations of this hypercomplex
structure on X . Using our calculations we show that all small deformations generate
invariant hypercomplex structures on X but not all of them arise from deformations
of the lattice. This is in contrast to the deformations on the 4m-torus.
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1 Introduction
Heisenberg groups play a fundamental role in many branches of mathematics. One
of its appearances is in the construction of Kodaira surfaces. Among other features,
these surfaces can be realized as an elliptic fibration over elliptic curves. This is a
realization of the quotient map from the Heisenberg group with respect to its center.
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This construction is extended to higher dimensions in [6] [12]. On the other hand,
Heisenberg groups are used by several authors to construct hypercomplex structures
[9] [3] [1]. This direction greatly enriches the source of hypercomplex manifolds as
the past constructions of compact examples are often limited to homogeneous spaces
with semi-simple Lie groups [8] [16]. The construction and the deformations of these
hypercomplex structures are the topics of this article.
Let H2n+1 be the 2n + 1-dimensional real Heisenberg group. It is the extension
of the Abelian additive group R2n by a one-dimensional center. The space R2n is a
complex space as it can be real linearly identified to the complex vector space Cn.
The product H2n+1 × R
1 admits a left-invariant complex structures such that the
natural projection φ onto R2n is holomorphic. Taking compact quotients, we obtain
a complex structure on a generalization of Kodaira manifolds X [6]. This construction
can be extended further to a construction of hypercomplex structure.
The quotient of the 4m + 1-dimensional real Heisenberg group H4m+1 with its
one-dimensional center is the Abelian additive group R4m. The space R4m is a hy-
percomplex space when it is identified to the module of quaternions Hm. The product
H4m+1 × R
3 admits a left-invariant hypercomplex structures such that the natural
projection φ onto R4m is hyper-holomorphic. Taking compact quotients X , we obtain
a hypercomplex manifold fibered over the torus T 4m with its standard hypercomplex
structures. The fiber is a four-dimensional torus T 4 obtained as a compact quotient of
the product of the group H4m+1×R
3. In this paper, we first calculate the parameter
spaces and obstructions to deformation of the hypercomplex structure on the compact
quotient X of H4m+1×R
3. Our computation is based on twistor theory, deformation
theory of maps and an understanding of the deformation of hypercomplex structures
on the torus. Then we compare this parameter space with the space of the invariant
hypercomplex structures and the deformation space arising from the deformations of
the lattice in H4m+1 ×R
3.
In Section 1, we explain the relations among twistor theory, deformation theory of
holomorphic maps and deformation theory of hypercomplex manifolds. Through these
relations, we compute the parameter space for hypercomplex deformations in Section
2. The next theorem is the result of enumerating the dimension of the parameter
space in a long exact sequence of cohomology.
Theorem 1 The real dimension of the virtual parameter space of deformations of
hypercomplex structures on the (4m + 4)-dimensional manifold X is equal to 6m2 +
11m+ 12.
In the parameter space, there is a twelve-dimensional subspace contributed by the de-
formation of the 4-torus in the fiber of the projection φ. Hypercomplex deformations
of the base of this projection contribute to a subspace of dimension 3(2m2 +m). In
Lemma 3, we establish that the dimension of the parameter space of hypercomplex
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structures on a torus of dimension 4m is naturally identified to 12m2 and that only
some of the hypercomplex deformation on the base torus comes from a hypercomplex
deformation on the Kodaira manifold. Since the space of obstructions to deformation
does not vanish, we study the integrability of deformation parameters by constructing
convergent power series in Section 3.
Theorem 2 Every point in the virtual parameter space is an infinitesimal deforma-
tion of an integrable deformation.
In this construction, we do not control the power series enough to claim a priori that
the deformation must be hypercomplex. At this point we produce a deformation
of quaternionic structures only. We conclude our work showing that the deformed
twistor spaces have a holomorphic projection onto CP1. Through the twistor corre-
spondence, we complete a proof of the following theorem.
Theorem 3 Every quaternionic deformation of the hypercomplex structure on X is
a hypercomplex deformation.
This observation raises the issue of enumerating the number of parameters for quater-
nionic deformations of the hypercomplex manifold X . This is achieved through a
coboundary map computation.
Theorem 4 The real dimension of the parameter space of deformations of quater-
nionic structures on the (4m+4)-dimensional manifold X is equal to 6m2+11m+9.
During the course of our computation, we reveal a considerable amount of infor-
mation about the deformation of hypercomplex structures on the torus T 4m, because
its twistor space Z is the base space of an elliptic fibration from the twistor space W
of the hypercomplex structure X . In section 4.5 we reveal how our computation may
be used to identify the moduli space of hypercomplex structures on a torus.
Finally in Section 5, we calculate the parameter space of the invariant hypercom-
plex structures on X and space of deformations arising from the deformations of the
lattice. Although in Section 3 we do not control the power series completely, the
information we obtain there is enough to prove the first part of the following:
Theorem 5 Any small deformation of the hypercomplex structure on X consists of
invariant structures. However there are deformations which do not arise from a
deformation of the lattice Γ.
The second part of Theorem 5 follows by direct dimension count. The proof is at
the end of Section 5.
3
2 Basic Constructions
2.1 The Heisenberg group and the Heisenberg algebra
The real Heisenberg group of dimensional 4m+1 is the Lie group H4m+1 whose under-
lying manifold is R4m × R with coordinates (x, y, z) := (x1, . . . , x2m, y1, . . . , y2m, z)
and whose group law is given by
(x, y, z) ∗ (x′, y′, z′) = (x+ x′, y + y′, z + z′ − 2
2m∑
j=1
(xjy
′
j − yjx
′
j)). (1)
The left translations of { ∂
∂xj |0
, ∂
∂yj |0
, ∂
∂z |0
} are the following vector fields.
Xj =
∂
∂xj
+ 2yj
∂
∂z
, Yj =
∂
∂yj
− 2xj
∂
∂z
, Z =
∂
∂z
. (2)
These vectors form a basis for the Heisenberg algebra h4m+1 of the Heisenberg group
H4m+1. The commutation relations are as follows:
[Yj , Xk] = 4δjkZ, [Xj , Xk] = [Yj, Yk] = [Xj , Z] = [Yj, Z] = 0. (3)
The subspace c spanned by Z is the center of the Heisenberg algebra. The quotient
space of the Heisenberg algebra with respect to the center is the 4m-dimensional
Abelian algebra t4m. Therefore, we have the exact sequence
0→ c
ι
→ h4m+1
φ
→ t4m → 0. (4)
On the level of Lie groups, we have a group homomorphism
φ : H4m+1 = (R
4m+1, ∗)→ (R4m,+) (5)
obtained as the quotient of the central subgroup C = (R1,+). Although it is obvious
that
φ(Xj) =
∂
∂xj
, φ(Yj) =
∂
∂yj
, φ(Z) =
∂
∂z
, (6)
it will be important for our future computation that these identities give a way to lift
vector fields from the Abelian group to the Heisenberg group.
Let Γ be the subgroup (Z4m+1, ∗) of the Heisenberg group. The intersection Γ0
of Γ with the central subgroup is isomorphic to the integer group Z. The quotient
of C by Γ0 is the one-dimensional torus group T
1. The quotient of the additive
Abelian group R4m by φ(Γ) is the 4m-dimensional torus group T 4m. It is obvious
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that the homomorphism ι from the central subgroup C into the Heisenberg group
H4m+1 intertwines Γ0 and Γ, and the homomorphism φ from the Heisenberg group
H4m+1 to the Abelian group R
4m intertwines the groups Γ and φ(Γ). Therefore, the
homomorphisms ι and φ descend to maps between compact quotients. Since C is the
central subgroup, its action commutes with the action of the lattice Γ. Therefore, the
quotient group T 1 acts on the quotient space of left-cosets Γ\H4m+1. The orbits of
this group action are precisely the fibers of the projection
φ : Γ\H4m+1 → T
4m. (7)
From now on, we denote the quotient space Γ\H4m+1 by Hˇ4m+1 or Hˇ if the dimension
of the group is clear in a given context.
2.2 A Construction of Hypercomplex Structures
Three complex structures I1, I2 and I3 on a smooth manifold form a hypercomplex
structure if
I21 = I
2
2 = I
2
3 = −I0, and I1I2 = I3 = −I2I1, (8)
where I0 is the identity map.
Let t3 be the 3-dimensional Abelian algebra. The direct sum h4m+1⊕ t3 is a 2-step
nilpotent algebra whose center is four-dimensional. Fix a basis {E1, E2, E3} for t3.
Consider the endomorphisms I1, I2 and I3 of h4m+1⊕ t3 defined by left multiplications
of the quaternions i, j and k on the module of quaternions H, and the identifications
x2a−1X2a−1 + x2aX2a + y2a−1Y2a−1 + y2aY2a → x2a−1 + x2ai+ y2a−1j + y2ak;
zZ + t1E1 + t2E2 + t3E3 → z + t1i+ t2j + t3k. (9)
In other words, for 1 ≤ a ≤ m,
I1X2a−1 = X2a, I1Y2a−1 = Y2a, I1Z = E1, I1E2 = E3;
I2X2a−1 = Y2a−1, I2X2a = −Y2a, I2Z = E2, I2E1 = −E3;
I3X2a−1 = Y2a, I3X2a = Y2a−1, I3Z = E3, I3E1 = E2.
Through left translations, these endomorphisms define almost complex structures
on the product of the Heisenberg group and the three-dimensional additive group
H4m+1 × R
3. By construction, these almost complex structures satisfy the algebra
(8). As [IaX, IaY ] = [X, Y ] for any left-invariant vector fields X and Y and 1 ≤ a ≤ 3,
these complex structures are integrable. It implies that {Ia : a = 1, 2, 3} is a left-
invariant hypercomplex structure on the Lie group H4m+1×R
3. Let Z3 be the integer
subgroup of R3. Then the quotient space Hˇ×R3/Z3 is the compact manifold Hˇ×T 3.
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We denote this compact hypercomplex manifold by X . The natural projection φ from
X onto T 4m and the inclusion ι from T 1×T 3 ∼= T 4 into X are both hyper-holomorphic
maps. The fibers of the projection φ are the orbits of the left-action of T 1 × T 3.
For the hypercomplex structure we show:
Theorem 6 The hypercomplex structure on H4m+1 ×R
3 constructed above is equiv-
alent to the standard one on Hm+1.
Proof: From the definition of the vector fields Xi, Yi, Z, Ei we see that the dual
1-forms are dxi, dyi, θ = dz− 2Σ(yidxi−xidyi), dei, where e1, e2, e3 are coordinates of
R3. Then we have the same identities for the action of the hypercomplex structure
on the 1-forms as we had for the vector fields, e.g. I1dx1 = dx2... etc. With this in
mind we calculate:
I1dz = I1θ + I12
∑
i(yidxi − xidy) =
= de1 + 2
∑
a(y2a−1dx2a − x2a−1dy2a − y2adx2a−1 + x2ady2a−1)
= d(e1 + 2
∑
a(y2a−1x2a − x2a−1y2a))
so by defining
f1 := e1 + 2
∑
a
(y2a−1x2a − x2a−1y2a)
we have I1dz = df1. Similarly,
I2dz = I2θ + I22
∑
i(yidxi − xidy) =
= de2 + 2
∑
a(y2a−1dy2a−1 + x2a−1dx2a−1 − y2ady2a − x2adx2a))
= d(e2 +
∑
a(y
2
2a−1 + x
2
2a−1 − y
2
2a − x
2
2a))
so I2dz = df2, for
f2 := e2 +
∑
a
(y22a−1 + x
2
2a−1 − y
2
2a − x
2
2a)
Finally, by similar calculation we have I3dz = df3, where
f3 = e3 + 2
∑
a
(y2a−1y2a + x2a−1x2a)
Now from here we have that xi, yi, z, fi are quaternionic coordinates, which are
global on R4m+4, so identify our hypercomplex structure with the standard one as
claimed. q.e.d.
The above calculation could be done using the Obata connection and then one
can show that dfi are parallel 1-forms. Here we outline the argument. The Obata
connection is given by
∇XY = 1/2[X, Y ]+1/12
∑
i,j,k
Ii([IjX, IkY ]+[IjY, IkX ])+1/6
∑
i
Ii([IiX, Y ]+[IiY,X ])
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for hypercomplex manifold, where (i, j, k) is cyclic permutation of (1, 2, 3) . Then for
abelian hypercomplex structure this reduces to
∇XY = 1/2[X, Y ] + 1/2
∑
i
Ii[IiX, Y ]
From here one has that dxi, dyi are parallel and∇θ = 1/2dθ. Now from∇(xidyj) =
dxi ⊗ dyj one easily checks that dz and dfi are parallel.
2.3 Twistor Theory
We identify points ~a = (a1, a2, a3) in the unit 2-sphere S
2 to the complex structure
I~a = a1I1 + a2I2 + a3I3. Let J~a be the complex structure on S
2 defined by the
stereographic projection
µ ∈ C 7→ ~a =
1
1 + |µ|2
(|µ|2 − 1,−i(µ− µ), µ+ µ). (10)
This map takes 0 to −I1, i to I2 and 1 to I3. It sends the complex orientation of
the complex plane to the outward normal orientation of the sphere. Therefore, the
complex structure on the sphere at the unit vector ~a is defined by the cross product
with ~a.
The smooth manifoldW = X×S2 is endowed with an almost complex structure I
defined by I(x,~a) = I~a⊕ J~a. By twistor theory, this is an integrable complex structure
[15]. Moreover, the projection p from W onto S2 is a holomorphic projection such
that the fiber p−1(~a) is the complex manifold (X, I~a). The holomorphic projection
from Z onto CP1 is also denoted by p. The map is also real in the sense that there
is an anti-holomorphic involution τ on the twistor space W such that p ◦ τ = ρ ◦ p
where ρ is the anti-podal map on the 2-sphere.
As explained in [16], deformations of hypercomplex structures are identified to
deformations of the real map p. Deformations of this map p are described by the
cohomology spaces Hk(W,DW ) where DW is the kernel of the differential dp [7]. The
real part of these spaces contain the deformation of the hypercomplex structures.
Since there is also a correspondence between quaternionic structure and the complex
structures on the twistor space [18], the real part of the cohomology spacesHk(W,ΘW )
contains the deformation theory of the quaternionic structures.
3 Deformation Parameters of X = Hˇ × T 3
The aim of this section is to compute the cohomology spaces Hk(W,DW ) of the
twistor space W for the hypercomplex manifold X . We begin with some standard
computation on the twistor space Z over the torus.
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3.1 Twistor Space of the Torus
The twistor space Z is the quotient of the bundle t1,0 ⊗ O(1) on CP1 where t1,0 is
the (1, 0)-part of the complexification of the 4m-dimensional Abelian algebra t [2,
Example 13.64 and Example 13.66].
Choose linear coordinates (za1 , z
a
2 , z1, z2), a = 1, . . . , m, forC
2m+2. They are related
to real coordinates of H4m+1 ×R
3 by
za1 = x2a−1 + ix2a, z
a
2 = y2a−1 + iy2a, z1 = z + it1, z2 = t2 + it3. (11)
Let [λ1, λ2] be the homogeneous coordinates on CP
1. On U1 = {λ ∈ CP
1 : λ1 6=
0}, define ν = λ2
λ1
. On U2 = {λ ∈ CP
1 : λ2 6= 0}, define µ =
λ1
λ2
. We use the same
notation to denote p−1(U1) and p
−1(U2) on both Z and W .
Lemma 1 Let O be the structure sheaf of the twistor space Z. Let Rqp∗O be the q-th
direct image sheaf with respect to the projection p from Z onto CP1. Then
Rqp∗O = ∧
q
(
t∗(0,1) ⊗O(1)
)
. (12)
Proof: Since the dimension of Hq(p−1(λ),O) is constant with respect to λ, the di-
rect image sheaves Rqp∗O are locally free. As each fiber p
−1(λ) is an Abelian va-
riety, Hq(p−1(λ),O) = ∧qH1(p−1(λ),O), and there is a vector bundle isomorphism
Rqp∗O = ∧
qR1p∗O.
On U2, for 1 ≤ a ≤ m, the (0,1)-forms
σa1 =
µdza1 − dz
a
2
1 + |µ|2
, σa2 =
µdza2 + dz
a
1
1 + |µ|2
(13)
are holomorphic because
dσa1 =
1
1 + |µ|2
(dµ ∧ σa2 − µdµ ∧ σ
a
1) , dσ
a
2 =
1
1 + |µ|2
(−µdµ ∧ σa2 − dµ ∧ σ
a
1)
are type (1,1)-forms. Since for every λ, h1(p−1(λ),O) = 2m, these holomorphic forms
determine a trivialization of the bundle R1p∗O(U2). Similarly, on U1 the (0,1)-forms
ρa1 =
dza1 − νdz
a
2
1 + |ν|2
, ρa2 =
dza2 + νdz
a
1
1 + |ν|2
(14)
determine a holomorphic trivialization of the bundle R1p∗O(U1). As ρ
a
i = µσ
a
i , the
bundle R1p∗O is isomorphic to t
∗(0,1) ⊗O(1) as claimed. q. e. d.
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Lemma 2 For ℓ ≥ −1, Hk(Z, p∗O(ℓ)) = t∗(0,k) ⊗ Sℓ+kC2 where SjC2 is the j-th
symmetric tensor product of C2.
Proof: The projection formula and the last lemma determine the isomorphism
Rqp∗p
∗O(ℓ) = Rqp∗O ⊗O(ℓ) = O(ℓ)⊗ ∧
q
(
t∗(0,1) ⊗O(1)
)
= O(ℓ + q)⊗ t∗(0,q).
Consider the Leray spectral sequence with Ep,q2 = H
p(CP1, Rqp∗p
∗O(ℓ)), and Ep,q∞ ⇒
Hp+q(Z, p∗O(ℓ)). When ℓ ≥ −1, Ep,q2 = 0 for all p ≥ 1 and q ≥ 0. Therefore, the
spectral sequence degenerates at E2, and
Hk(Z, p∗O(ℓ)) = ⊕p+q=kE
p,q
2 = E
0,k
2 = H
0(CP1, Rkp∗p
∗O(ℓ))
= H0(CP1,O(ℓ+ k)⊗ t∗(0,k)) = t∗(0,k) ⊗ Sℓ+kC2.
q. e. d.
The cohomology spaces of the last lemma can be described explicitly. Define
Ω
a
1 =
λ1dz
a
1 − λ2dz
a
2
|λ1|2 + |λ2|2
, Ω
a
2 =
λ1dz
a
2 + λ2dz
a
1
|λ1|2 + |λ2|2
. (15)
Then {λ1Ω
a
1, λ2Ω
a
1, λ1Ω
a
2, λ2Ω
a
2} forms a basis for the space H
1(Z,O). More generally,
the space Hk(Z, p∗O(ℓ)), for ℓ ≥ 0 is spanned by the twisted k-forms
(
λℓ+k−l1 λ
l
2
)
Ω
a1
1 ∧ · · · ∧ Ω
ai
1 ∧ Ω
b1
2 ∧ · · · ∧ Ω
bj
2 (16)
where 0 ≤ l ≤ ℓ + k. The space H1(Z,O) has an alternative description. For
k = 0, 1, 2, 3 and over p−1(~a), define 1-forms
ωak = Ikdx2a−1 − iI~aIkdx2a−1. (17)
These (0,1)-forms on the twistor space span the space H1(Z,O) because
ωa0 = µσ
a
1 + σ
a
2 = λ1Ω
a
1 + λ2Ω
a
2, ω
a
1 = i(µσ
a
1 − σ
a
2) = i(λ1Ω
a
1 − λ2Ω
a
2),
ωa2 = µσ
a
2 − σ
a
1 = λ1Ω
a
2 − λ2Ω
a
1, ω
a
3 = i(σ
a
1 + µσ
a
2) = i(λ1Ω
a
2 + λ2Ω
a
1). (18)
The differential dp from the tangent sheaf to the pull-back of the tangent sheaf
p∗O(2) on the projective line CP1 is the twisted 1-form dp = λ2dλ1 − λ1dλ2 [2,
Example 13.83]. Its kernel DZ is isomorphic to t
1,0 ⊗ O(1). Applying Lemma 2 to
ℓ = 1, we have
Lemma 3 There is a natural isomorphism Hk(Z,DZ) = t
1,0 ⊗ t∗(0,k) ⊗ Sk+1C2.
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We seek local as well as global representations of elements in these cohomology
spaces. On U2 the product coordinates {z
a
1 , z
a
2 , µ} are not holomorphic. The holo-
morphic coordinates are
wa1 = µz
a
1 − z
a
2, w
a
2 = µz
a
2 + z
a
1, ζ = µ. (19)
The inverse coordinate change is
za1 =
1
1 + |ζ |2
(
ζwa1 + w
a
2
)
, za2 =
1
1 + |ζ |2
(
−wa1 + ζw
a
2
)
, µ = ζ. (20)
When one changes coordinates from λ2 6= 0 to λ1 6= 0, µw˜
a
j = w
a
j . Therefore,
V aj =
1
λ2
∂
∂waj
=
1
λ1
∂
∂w˜aj
(21)
is a globally defined section of the tangent bundle.
We are now able to describe a basis for the space H0(Z,DZ). The dual of the
(1,0)-form ωak in (17) is
W ak =
1
2
(
Ik
∂
∂x2a−1
− iI~aIk
∂
∂x2a−1
)
. (22)
These vector fields can also be identified as
W a0 = λ1V
a
1 + λ2V
a
2 , W
a
1 = i(λ1V
a
1 − λ2V
a
2 ),
W a2 = λ1V
a
2 − λ2V
a
1 , W
a
3 = i(λ1V
a
2 + λ2V
a
1 ). (23)
It follows that the elements λ1−ℓ1 λ
ℓ
2V
a
i ⊗Ω
b
j , with 0 ≤ ℓ ≤ 1, 1 ≤ i, j ≤ 2, 1 ≤ a, b ≤ m
form a basis for H1(Z,DZ). Similarly, the twisted vector-valued k-forms
λk+1−ℓ1 λ
ℓ
2V
a
i ⊗ Ω
a1
1 ∧ · · · ∧ Ω
ai
1 ∧ Ω
b1
2 ∧ · · · ∧ Ω
bj
2 (24)
with 0 ≤ ℓ ≤ k + 1 form a basis for Hk(Z,DZ).
3.2 The Twistor space of X = Hˇ × T 3
From the definition of the complex structure on twistor spaces, the projection from
X to T 4m induces a natural holomorphic projection Ψ from the twistor space W of
X onto the twistor space Z of T 4m. Moreover, p ◦ Ψ = p. We make use of these
projections and the related spectral sequences to calculate cohomology on the twistor
space W .
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Lemma 4 For all ℓ ≥ −1, Hk(W, p∗O(ℓ)) = (h4m+1 ⊕ t3)
∗(0,k) ⊗ Sk+ℓC2.
Proof: The fibers of the projection p fromW to CP1 are isomorphic to Hˇ×U(1)×T 2
where Hˇ×U(1) is a complex 2m+1-dimensional manifold [6] and T 2 is a complex ellip-
tic curve whose fundamental domain is a square. Since H1(T 2,O) is one-dimensional,
we combine [6, Lemma 2] with Kunneth formula to find that
Hk(p−1(~a),O) = ∧kH1(p−1(~a),O). (25)
Let γ be the dual of the central vector field Z on the Heisenberg group. Denote
the dual of E1, E2, and E3 by δ1, δ2 and δ3. As in (17), define ω
m+1
k = Ikγ − iI~aIkγ.
Given the stereographic projection (10), we deduce that when λ2 6= 0,
ωm+10 = µσ
m+1
1 + σ
m+1
2 , ω
m+1
1 = i(µσ
m+1
1 − σ
m+1
2 ),
ωm+12 = µσ
m+1
2 − σ
m+1
1 , ω
m+1
3 = i(σ
m+1
1 + µσ
m+1
2 ), (26)
where
σm+11 =
µ(γ − iδ1)− (δ2 + iδ3)
1 + |µ|2
, σm+12 =
(γ + iδ1) + µ(δ2 − iδ3)
1 + |µ|2
. (27)
It is important to note that dγ is type (1,1) with respect to any complex structure in
the given hypercomplex structure. In fact, the structural equation yields
dγ = 4
m∑
a=1
(dx2a−1 ∧ dy2a−1 + dx2a ∧ dy2a). (28)
It follows that
dσm+11 = 2µ
m∑
a=1
(σa1 ∧ σ
a
2 + σ
a
1 ∧ σ
a
2) +
dµ ∧ σm+12 − µdµ ∧ σ
m+1
1
1 + |µ|2
; (29)
dσm+12 = 2
m∑
a=1
(σa1 ∧ σ
a
2 + σ
a
1 ∧ σ
a
2) +
−µdµ ∧ σm+12 − dµ ∧ σ
m+1
1
1 + |µ|2
. (30)
In particular, σm+11 and σ
m+1
2 are holomorphic. It shows that the (0,1)-forms ω
m+1
k
are holomorphic on the twistor space W . These holomorphic (0,1)-forms are the
analogies of σa1 and σ
a
2 on the twistor space Z defined in (13). These 1-forms on Z are
pulled back by Ψ to holomorphic (0,1)-forms on W . Therefore, σαi , with i = 1, 2 and
1 ≤ α ≤ m+1 form a basis for H1(p−1(~a),O) when λ2 6= 0. Due to the homogeneity
of these forms,
Rqp∗OW = (h4m+1 ⊕ t3)
∗(0,q) ⊗O(q). (31)
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Consider the Leray spectral sequence Ep,q∗ (p
∗O(ℓ)). Due to the projection formula,
Ep,q2 (p
∗O(ℓ)) = Hp(CP1, Rqp∗p
∗O(ℓ)) = Hp(CP1,O(ℓ)⊗Rqp∗OW )
= (h4m+1 ⊕ t3)
∗(0,q) ⊗Hp(CP1,O(q + ℓ)). (32)
As every element in this space is represented by global holomorphic forms on the
twistor space W with coefficients in p∗O(ℓ), d2 = 0. It follows that for ℓ ≥ −1,
Hk(W, p∗O(ℓ)) = ⊕p+q=kE
p,q
2 (p
∗O(ℓ)) = E0,k2 (p
∗O(ℓ))
= (h4m+1 ⊕ t3)
∗(0,k) ⊗ Sk+ℓC2.
q. e. d.
Since the kernel V of the differential dΨ restricted to DW satisfies V = (c⊕ t3)
1,0⊗
O(1), and since Ψ∗DZ = t
1,0
4m ⊗O(1), the next lemma follows.
Lemma 5 Let V be the kernel of the differential dΨ restricted to DW . Then
Hk(W,V) = (c⊕ t3)
1,0 ⊗ (h4m+1 ⊕ t3)
∗(0,k) ⊗ Sk+1C2,
Hk(W,Ψ∗DZ) = t
1,0
4m ⊗ (h4m+1 ⊕ t3)
∗(0,k) ⊗ Sk+1C2.
This lemma implies that H0(W,V) = (c ⊕ t3)
1,0 ⊗ C2. This space is linearly
spanned by the infinitesimal hypercomplex transformations generated by the center
of the algebra h4m+1 ⊕ t3. It is a linear span of Wk :=
1
2
(IkZ − iI~aIkZ).
OnW , a local holomorphic frame for the bundle of (0,1)-forms consists of {σαi , dµ}.
The dual smooth (0,1)-vectors are ∂/∂µ and
∂
a
1 =
1
2
{µ(X2a−1 + iX2a)− (Y2a−1 − iY2a)},
∂
a
2 =
1
2
{(X2a−1 − iX2a) + µ(Y2a−1 + iY2a)}, (33)
∂
m+1
1 =
1
2
{µ(Z + iE1)− (E2 − iE3)}, ∂
m+1
2 =
1
2
{(Z − iE1) + µ(E2 + iE3)}.(34)
Now we examine the induced long exact sequence of
0→ V → DW → Ψ
∗DZ → 0 (35)
to calculate the cohomology of DW . Note that elements in H
0(W,Ψ∗DZ) are linear
combinations of the vector fields (22). They have natural lifting to smooth sections of
12
the tangent bundle on W , namely W˜ ka =
1
2
(IkX2a−1− iI~aIkX2a−1). Given the smooth
local frame above,
W˜ a0 =
1
1 + |µ|2
(µ∂a1 + ∂
a
2 ), W˜
a
1 =
i
1 + |µ|2
(µ∂a1 − ∂
a
2 ),
W˜ a2 =
1
1 + |µ|2
(µ∂a2 − ∂
a
1 ), W˜
a
3 =
i
1 + |µ|2
(µ∂a2 + ∂
a
1 ). (36)
Given the algebra structure of the Heisenberg algebra,
[∂
a
i , ∂
b
i ] = 0, [∂
a
2, ∂
b
1] = −[∂
a
1, ∂
b
2] = 2δab(1 + |µ|
2)Z. [∂ai , ∂
b
j ] = 0. (37)
In particular,
[∂
a
2, ∂
a
1 ]
1,0 = −[∂
a
1, ∂
a
2 ]
1,0 = 2(1 + |µ|2)W0. (38)
A computation using (33) and (36) shows that
[
∂
∂µ
, W˜ a0 ] =
1
(1 + |µ|2)2
(
−∂
a
1 + µ∂
a
2
)
, [
∂
∂µ
, W˜ a1 ] =
i
(1 + |µ|2)2
(
∂
a
1 + µ∂
a
2
)
,(39)
[
∂
∂µ
, W˜ a2 ] =
−1
(1 + |µ|2)2
(
µ∂
a
1 + ∂
a
2
)
, [
∂
∂µ
, W˜ a3 ] =
i
(1 + |µ|2)2
(
−µ∂
a
1 + ∂
a
2
)
.(40)
In particular, [ ∂
∂µ
, W˜ ak ]
1,0 = 0 for all a and k. Note also that [∂
m+1
j , W˜
a
k ] = 0 because
Z,E1, E2, E3 are in the center of h4m+1 ⊕ t3. It follows that the 0-th coboundary
map for the induced exact sequence of (35) can be calculated as follows. We use
the Chern connection ∇ on the holomorphic tangent bundle on W to define the ∂-
operator ∂
∇
. Then δ0(W
a
k ) is represented uniquely by the cohomology class of ∂
∇
W˜ ak .
Due to an observation of Gauduchon [4], for any (0,1)-vector X , and (1,0)-vector Y ,
∂
∇
XY = [X, Y ]
1,0. The above discussion implies that
δ0(W
a
k ) = [∂
a
j , W˜
a
k ]
1,0 ⊗ σaj = [∂
a
1, W˜
a
k ]
1,0 ⊗ σa1 + [∂
a
2, W˜
a
k ]
1,0 ⊗ σa2.
With (36), (37) and (38), we deduce that
δ0(W
a
0 ) = 2W0 ⊗ (λ1Ω
a
2 − λ2Ω
a
1), δ0(W
a
1 ) = 2iW0 ⊗ (λ1Ω
a
2 + λ2Ω
a
1),
δ0(W
a
2 ) = −2W0 ⊗ (λ1Ω
a
1 + λ2Ω
a
2), δ0(W
a
3 ) = −2iW0 ⊗ (λ1Ω
a
1 − λ2Ω
a
2).
Therefore, the coboundary map δ0 is injective and H
0(W,DW ) = H
0(W,V).
The functions wm+11 = µz1 − z2 and w
m+1
2 = µz2 + z1 are holomorphic on the
open subset U2 of the twistor space W . On U1, define w˜
m+1
j =
1
µ
wm+1j . As in (21) we
define Vj := V
m+1
j :=
1
λ2
∂
∂wm+1j
= 1
λ1
∂
∂w˜m+1j
. In this basis, the image of H0(W,Ψ∗DZ)
in H1(W,V) is spanned by λi(λ1V1 + λ2V2)⊗ Ω
a
j . By Lemma 5,
H1(W,V) = (c⊕ t3)
1,0 ⊗ (c⊕ t3)
∗(0,1) ⊗ S2C2 ⊕ (c⊕ t3)
1,0 ⊗ t
∗(0,1)
4m ⊗ S
2C2.
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Since the image of δ0 is contained in the second summand, the cokernel of δ0 is the
direct sum of the following spaces.
cokerδ0
′′ : = (c⊕ t3)
1,0 ⊗ (c⊕ t3)
∗(0,1) ⊗ S2C2 = span{λk1λ
2−k
2 ViΩ
m+1
j },
cokerδ0
′ : = span{(λ1V1 − λ2V2)λiΩ
a
j , λ
2
2V1Ω
a
j , λ
2
1V2Ω
a
j}, (41)
where Ω
m+1
j =
1
λ2
σm+1j .
A basis for H1(W,Ψ∗DZ) consists of λ
2−k
1 λ
k
2V
a
i Ω
β
j , where 0 ≤ k ≤ 2, 1 ≤ i, j ≤ 2,
1 ≤ a ≤ m, 1 ≤ β ≤ m + 1. Since Ω
β
j is holomorphic, the coboundary map δ1 from
the first cohomology to the second has the following property.
δ1(V
a
1 Ω
β
j ) = 2(λ1V1 + λ2V2)⊗ Ω
a
2 ∧ Ω
β
j , δ1(V
a
2 Ω
β
j ) = −2(λ1V1 + λ2V2)⊗ Ω
a
1 ∧ Ω
β
j .
Therefore, the kernel of δ1 is
ker δ1 = span{λ
k
1λ
2−k
2 } ⊗ span{V
a
1 Ω
b
2 + V
b
1Ω
a
2, V
a
2 Ω
b
1 + V
b
2Ω
a
1, V
a
1 Ω
b
1 − V
b
2Ω
a
2}. (42)
The induced exact sequence yields
H1(W,DW ) = cokerδ0
′′ ⊕ cokerδ0
′ ⊕ kerδ1
= {λk1λ
2−k
2 ViΩ
m+1
j } ⊕ {(λ1V1 − λ2V2)λiΩ
a
j , λ
2
2V1Ω
a
j , λ
2
1V2Ω
a
j}
⊕ {λk1λ
2−k
2 } ⊗ {V
a
1 Ω
b
2 + V
b
1Ω
a
2, V
a
2 Ω
b
1 + V
b
2Ω
a
1, V
a
1 Ω
b
1 − V
b
2Ω
a
2}. (43)
Here we see that cokerδ0
′′ is a 12-dimensional space. It is generated by verti-
cal tangent vectors and 1-forms with respect to the projection Ψ. The dimension
of cokerδ0
′ is equal to 8m. The contribution from deformation of the basis of the
projection Ψ is in kerδ1. The dimension of this space is equal to 3m(2m + 1). This
concludes the proof of Theorem 1.
4 Deformation Theory
The obstruction space to hypercomplex deformation isH2(W,DW ). Results in the last
section demonstrate that it does not vanish, we approach integrability of parameters
in H1(W,DW ) by constructing a one-parameter deformation for any given tangent. It
is done through Kodaira-Spencer’s method of constructing a convergent sequence with
coefficients in vector-valued 1-forms. During this construction, we do not control the
vector-valued 1-forms in such a way that the vector part is tangent to the distribution
DW . Therefore, the deformation may a priori depart from hypercomplex structures.
We tackle this problem at the end of this section.
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4.1 Integrability
We have seen that the virtual parameter space H1(W,D) is a vector subspace of the
following space.
E = H1(W,V)⊕ kerδ1
= (c⊕ t3)
1,0 ⊗ (h4m+1 ⊕ t3)
∗(0,1) ⊗ S2C2 ⊕ kerδ1
= 〈λk1λ
2−k
2 〉 ⊗
(
〈V m+1i Ω
β
j 〉 ⊕ 〈V
a
1 Ω
b
2 + V
b
1Ω
a
2, V
a
2 Ω
b
1 + V
b
2Ω
a
1, V
a
1 Ω
b
1 − V
b
2Ω
a
2〉
)
.(44)
We denote these elements by Υτ , where 1 ≤ τ ≤ D = dim E . If Ω1 = ω ⊗ V and
Ω2 = ω
′⊗V ′ are vector-valued 1-forms, the Dolbeault representative for the Nijenhuis
bracket {ω ⊗ V, ω′ ⊗ V ′} is [14, 5]
ω′ ∧ LV ′ω ⊗ V + ω ∧ LV ω
′ ⊗ V ′ + ω ∧ ω′ ⊗ [V, V ′]. (45)
The aim of this section is to prove the following proposition.
Proposition 1 Let Γ0 be the complex vector space of complex-valued smooth func-
tions on S2. For any φ1 and φ2 in Γ
0 ⊗ E , there exist smooth functions gτ on the
2-sphere such that {φ1, φ2} =
∑
τ ∂ (gτΥτ ) .
The following functions on 2-sphere S2 is extended to the twistor space W .
f1 =
µ
1 + |µ|2
, f2 =
µ
1 + |µ|2
, f3 =
1
1 + |µ|2
. (46)
We have
∂f1 = −
µ2dµ
(1 + |µ|2)2
, ∂f2 =
dµ
(1 + |µ|2)2
, ∂f3 = −
µdµ
(1 + |µ|2)2
. (47)
In subsequent computation, we make use of these three functions to prove the Propo-
sition 1.
Let ǫ11 = ǫ22 = 0 and ǫ12 = −ǫ21 = 1. It follows from (33) and (34) that
[∂αi ,
∂
∂µ
]0,1 = −
ǫij
1 + |µ|2
∂αj , and L∂αi σ
β
j = δαβǫij
dµ
1 + |µ|2
(48)
except when α = a, β = m+ 1. Therefore, in the case when α = α′ = m+ 1 or when
1 ≤ β, β ′ ≤ m, with (37) we deduce that
{λk1λ
2−k
2 V
α
i Ω
β
j , λ
k′
1 λ
2−k′
2 V
α′
i′ Ω
β′
j′ }
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= {
µk
1 + |µ|2
∂αi σ
β
j ,
µk
′
1 + |µ|2
∂α
′
i′ σ
β′
j′ } =
µk+k
′
(1 + |µ|2)2
{∂αi σ
β
j , ∂
α′
i′ σ
β′
j′ }
=
µk+k
′
(1 + |µ|2)2
(
∂αi σ
β′
j′ ∧ L∂α′
i′
(σβj ) + ∂
α′
i′ σ
β
j ∧ L∂αi (σ
β′
j′ ) + [∂
α
i , ∂
α′
i′ ]σ
β
j ∧ σ
β′
j′
)
=
µk+k
′
(1 + |µ|2)2
(
∂αi σ
β′
j′ ∧ L∂α′
i′
(σβj ) + ∂
α′
i′ σ
β
j ∧ L∂αi (σ
β′
j′ )
)
= −
µk+k
′
(1 + |µ|2)3
dµ ∧
(
δα′βǫi′j∂
α
i σ
β′
j′ + δαβ′ǫij′∂
α′
i′ σ
β
j
)
= −
µk
′
dµ
(1 + |µ|2)2
∧
(
δα′βǫi′jµ
k
1 + |µ|2
∂αi σ
β′
j′
)
−
µk
′
dµ
(1 + |µ|2)2
∧
(
δαβ′ǫij′µ
k
1 + |µ|2
∂α
′
i′ σ
β
j
)
= −
µk
′
dµ
(1 + |µ|2)2
∧
(
δα′βǫi′jλ
k
1λ
2−k
2 V
α
i Ω
β′
j′
)
−
µk
′
dµ
(1 + |µ|2)2
∧
(
δαβ′ǫij′λ
k
1λ
2−k
2 V
α′
i′ Ω
β
j
)
= ∂
(
−fδα′βǫi′jλ
k
1λ
2−k
2 V
α
i Ω
β′
j′ − fδαβ′ǫij′λ
k
1λ
2−k
2 V
α′
i′ Ω
β
j
)
= ∂
(
(−fλk1λ
2−k
2 )(δα′βǫi′jV
α
i Ω
β′
j′ + δαβ′ǫij′V
α′
i′ Ω
β
j )
)
.
where f is determined by k′.
Lemma 6 For any φ1 and φ2 in H
1(W,V), there exist smooth functions gτ on the
2-sphere and φτ ∈ H
1(W,V) such that {φ1, φ2} =
∑
τ ∂ (gτφτ ) .
Proof: By Lemma 5, elements in H1(W,V) have the form λk1λ
2−k
2 V
m+1
i Ω
β
j for some
k, j and β. From the above computation,
{λk1λ
2−k
2 V
m+1
i Ω
β
j , λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
β′
j′ }
= ∂
(
(−fλk1λ
2−k
2 )(δm+1,βǫi′jV
m+1
i Ω
β′
j′ + δm+1,β′ǫij′V
m+1
i′ Ω
β
j )
)
.
This is an element in the image of Γ0 ⊗H1(W,V) via ∂. q. e. d.
Lemma 7 For any φ1 and φ2 in ker δ1, there exist smooth functions gτ on the 2-
sphere and φτ ∈ ker δ1 such that {φ1, φ2} =
∑
τ ∂ (gτφτ ) .
Proof: We do it through a case-by-case computation. In view of formula (42), there
are six cases.
{λk1λ
2−k
2 (V
a
1 Ω
b
2 + V
b
1Ω
a
2), λ
k′
1 λ
2−k′
2 (V
a′
1 Ω
b′
2 + V
b′
1 Ω
a′
2 )}
= ∂
(
−fλk1λ
2−k
2 (δa′bV
a
1 Ω
b′
2 + δab′V
a′
1 Ω
b
2)
)
+ ∂
(
−fλk1λ
2−k
2 (δb′bV
a
1 Ω
a′
2 + δaa′V
b′
1 Ω
b
2)
)
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+∂
(
−fλk1λ
2−k
2 (δa′aV
b
1Ω
b′
2 + δbb′V
a′
1 Ω
a
2)
)
+ ∂
(
−fλk1λ
2−k
2 (δb′aV
b
1Ω
a′
2 + δba′V
b′
1 Ω
a
2)
)
= ∂
(
−fλk1λ
2−k
2 δa′b(V
a
1 Ω
b′
2 + V
b′
1 Ω
a
2)
)
+ ∂
(
−fλk1λ
2−k
2 δab′(V
a′
1 Ω
b
2 + V
b
1Ω
a′
2 )
)
+∂
(
−fλk1λ
2−k
2 δbb′(V
a
1 Ω
a′
2 + V
a′
1 Ω
a
2)
)
+ ∂
(
−fλk1λ
2−k
2 δaa′(V
b
1Ω
b′
2 + V
b′
1 Ω
b
2)
)
.
This element is in the image of Γ0 ⊗ ker δ1 via ∂. Similarly, when we interchange the
indices 1 and 2, we have
{λk1λ
2−k
2 (V
a
2 Ω
b
1 + V
b
2Ω
a
1), λ
k′
1 λ
2−k′
2 (V
a′
2 Ω
b′
1 + V
b′
2 Ω
a′
1 )}
= ∂
(
fλk1λ
2−k
2 δa′b(V
a
2 Ω
b′
1 + V
b′
2 Ω
a
1)
)
+ ∂
(
fλk1λ
2−k
2 δab′(V
a′
2 Ω
b
1 + V
b
2Ω
a′
1 )
)
+∂
(
fλk1λ
2−k
2 δbb′(V
a
2 Ω
a′
1 + V
a′
2 Ω
a
1)
)
+ ∂
(
fλk1λ
2−k
2 δaa′(V
b
2Ω
b′
1 + V
b′
2 Ω
b
1)
)
.
This element is in the image of Γ0 ⊗ ker δ1 via ∂. Next,
{λk1λ
2−k
2 (V
a
1 Ω
b
1 − V
b
2Ω
a
2), λ
k′
1 λ
2−k′
2 (V
a′
1 Ω
b′
1 − V
b′
2 Ω
a′
2 )}
= −∂
(
fλk1λ
2−k
2 (−δb′bV
a
1 Ω
a′
2 + δaa′V
b′
2 Ω
b
1)
)
− ∂
(
fλk1λ
2−k
2 (δa′aV
b
2Ω
b′
1 − δbb′V
a′
1 Ω
a
2)
)
= ∂
(
fλk1λ
2−k
2 δb′b(V
a
1 Ω
a′
2 + V
a′
1 Ω
a
2)
)
− ∂
(
fλk1λ
2−k
2 δa′a(V
b
2Ω
b′
1 + V
b′
2 Ω
b
1)
)
This element is in the image of Γ0 ⊗ ker δ1 via ∂. On the other hand,
{λk1λ
2−k
2 (V
a
1 Ω
b
2 + V
b
1Ω
a
2), λ
k′
1 λ
2−k′
2 (V
a′
2 Ω
b′
1 + V
b′
2 Ω
a′
1 )} = 0.
{λk1λ
2−k
2 (V
a
1 Ω
b
2 + V
b
1Ω
a
2), λ
k′
1 λ
2−k′
2 (V
a′
1 Ω
b′
1 − V
b′
2 Ω
a′
2 )}
= ∂(fλk1λ
2−k
2 δa′bV
a
1 Ω
b′
1 )− ∂(fλ
k
1λ
2−k
2 δaa′V
b′
2 Ω
b
2)
+∂(fλk1λ
2−k
2 δa′aV
b
1Ω
b′
1 )− ∂(fλ
k
1λ
2−k
2 δba′V
b′
2 Ω
a
2)
= ∂(fλk1λ
2−k
2 δa′b(V
a
1 Ω
b′
1 − V
b′
2 Ω
a
2)) + ∂(fλ
k
1λ
2−k
2 δa′a(V
b
1Ω
b′
1 − V
b′
2 Ω
b
2)).
This element is in the image of Γ0 ⊗ ker δ1 via ∂. Finally,
{λk1λ
2−k
2 (V
a
2 Ω
b
1 + V
b
2Ω
a
1), λ
k′
1 λ
2−k′
2 (V
a′
1 Ω
b′
1 − V
b′
2 Ω
a′
2 )}
= −∂(fλk1λ
2−k
2 δab′V
a′
1 Ω
b
1) + ∂(fλ
k
1λ
2−k
2 δb′bV
a
2 Ω
a′
2 )
−∂(fλk1λ
2−k
2 δbb′V
a′
1 Ω
a
1) + ∂(fλ
k
1λ
2−k
2 δb′aV
b
2Ω
a′
2 )
= −∂(fλk1λ
2−k
2 δab′(V
a′
1 Ω
b
1 − V
b
2Ω
a′
2 ))− ∂(fλ
k
1λ
2−k
2 δbb′(V
a′
1 Ω
a
1 − V
a
2 Ω
a′
2 )).
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This element is in the image of Γ0 ⊗ ker δ1 via ∂. q. e. d.
To consider the Nijenhuis bracket between elements in H1(W,V) and elements
in ker δ1, we recall that H
1(W,V) has two types of elements: λk1λ
2−k
2 V
m+1
i Ω
m+1
j as
elements in cokerδ0” and λ
k
1λ
2−k
2 V
m+1
i Ω
b
j as elements in the direct summand comple-
ment in H1(W,V). We separate the computation into the next two lemmas. This
computation involves the algebraic structure of Heisenberg group because by (29) and
(30),
L∂a
1
σm+11 = 2µσ
a
2, L∂a2σ
m+1
1 = −2µσ
a
1, L∂a1σ
m+1
2 = 2σ
a
2, L∂a2σ
m+1
2 = −2σ
a
1. (49)
Lemma 8 For any φ1 in kerδ1 and φ2 = λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
b′
j′, there exist smooth func-
tions gτ on the 2-sphere and φτ ∈ H
1(W,V) such that {φ1, φ2} =
∑
τ ∂ (gτφτ ) .
Proof: We repeat part of a previous computation as follows.
{λk1λ
2−k
2 V
a
i Ω
b
j , λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
b′
j′}
=
µk+k
′
(1 + |µ|2)2
(
∂ai σ
b′
j′ ∧ L∂m+1
i′
(σbj) + ∂
m+1
i′ σ
b
j ∧ L∂ai (σ
b′
j′)
)
=
µk+k
′
(1 + |µ|2)2
(
∂m+1i′ σ
b
j ∧ L∂ai (σ
b′
j′)
)
=
µk+k
′
(1 + |µ|2)2
∂m+1i′ σ
b
j ∧ δab′ǫij′
dµ
1 + |µ|2
= −
µk
′
(1 + |µ|2)2
(δab′ǫij′
µk
1 + |µ|2
∂m+1i′ σ
b
j) = −∂(fλ
k
1λ
2−k
2 δab′ǫij′V
m+1
i′ Ω
b
j),
where f is one of the functions f1, f2 and f3 depending on the number k
′. Since
λk1λ
2−k
2 V
m+1
i′ Ω
b
j is in H
1(W,V), the proof of this lemma is completed. q. e. d.
Lemma 9 For any φ1 in kerδ1 and φ2 = λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
j′ , {φ1, φ2} = 0.
Proof: We have six cases to consider.
{λk1λ
2−k
2 (V
a
1 Ω
b
2 + V
b
1Ω
a
2), λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
1 }
=
µk+k
′
∂m+1i′
(1 + |µ|2)2
(
σb2 ∧ L∂a1σ
m+1
1 + σ
a
2 ∧ L∂b1σ
m+1
1
)
= 2µ
µk+k
′
(1 + |µ|2)2
∂m+1i′
(
σb2 ∧ σ
a
2 + σ
a
2 ∧ σ
b
2
)
= 0.
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Similarly,
{λk1λ
2−k
2 (V
a
2 Ω
b
1 + V
b
2Ω
a
1), λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
1 } =
−2µµk+k
′
∂m+1i′
(
σb1 ∧ σ
a
1 + σ
a
1 ∧ σ
b
1
)
(1 + |µ|2)2
.
It is equal to zero. Next,
{λk1λ
2−k
2 (V
a
1 Ω
b
1 − V
b
2Ω
a
2), λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
1 }
=
µk+k
′
(1 + |µ|2)2
∂m+1i′
(
σb1 ∧ L∂a1σ
m+1
1 − σ
a
2 ∧ L∂b2σ
m+1
1
)
= 2µ
µk+k
′
(1 + |µ|2)2
∂m+1i′
(
σb1 ∧ σ
a
2 + σ
a
2 ∧ σ
b
1
)
= 0.
Similarly,
{λk1λ
2−k
2 (V
a
1 Ω
b
1 − V
b
2Ω
a
2), λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
2 } =
2µk+k
′
∂m+1i′
(
σb1 ∧ σ
a
2 + σ
a
2 ∧ σ
b
1
)
(1 + |µ|2)2
.
It is equal to zero. Finally,
{λk1λ
2−k
2 (V
a
1 Ω
b
2 + V
b
1Ω
a
2), λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
2 }
=
µk+k
′
(1 + |µ|2)2
∂m+1i′
(
σb2 ∧ L∂a1σ
m+1
2 + σ
a
2 ∧ L∂b1σ
m+1
2
)
= 2
µk+k
′
(1 + |µ|2)2
∂m+1i′
(
σb2 ∧ σ
a
2 + σ
a
2 ∧ σ
b
2
)
= 0.
Similarly, the following term is equal to zero because
{λk1λ
2−k
2 (V
a
2 Ω
b
1 + V
b
2Ω
a
1), λ
k′
1 λ
2−k′
2 V
m+1
i′ Ω
m+1
2 } =
−2µk+k
′
∂m+1i′
(
σb1 ∧ σ
a
1 + σ
a
1 ∧ σ
b
1
)
(1 + |µ|2)2
.
q. e. d.
All lemmas in this section together prove that when φ1 and φ2 are in E , then there
exist functions gτ ∈ Γ
0 such that {φ1, φ2} =
∑
∂ (gτΥτ ) . Suppose φ1, φ2 are in E and
h1, h2 are in Γ
0. Since Υτ (g) = 0 if g ∈ Γ
0,
{h1φ1, h2φ2} = h1h2{φ1, φ2} =
∑
τ
h1h2∂ (gτΥτ ) =
∑
τ
(
h1h2∂gτ
)
∧Υτ .
Since h1h2∂gτ is a ∂-closed (0,1)-form on the Riemann sphere, it is ∂-exact. Our
proof of Proposition 1 is now completed.
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4.2 Convergence
Choose a Hermitian inner product on E such that the elements Υτ form a Hermitian
basis. On the Sobolev spaces L2k(S
2) and L2k(Γ
(0,1)(S2)), we have the usual quadratic
norm ‖ · ‖k. Define a norm on ‖ · ‖k on Γ
0⊗E by ‖
∑
τ fτΥτ‖
2
k =
∑
τ ‖fτ‖
2
k. Similarly,
define a norm ‖ · ‖k on Γ
(0,1)(S2)⊗ E by ‖
∑
τ γτ ∧Υτ‖
2
k =
∑
τ ‖γτ‖
2
k.
Lemma 10 There exists a constant C1 such that if f is a smooth function on S
2
with
∫
S2
f = 0, then ‖f‖k ≤ C1‖∂f‖k−1.
Proof: The condition on f implies that it is orthogonal to ker ∂
∗
∂. By Schauder
estimate [2, Appendix H, Theorem 27], there exists a constant c1 such that for all
such f , ‖f‖k ≤ c1‖∂
∗
∂f‖k−2.
Consider the first order elliptic operator ∂ + ∂
∗
: Γ(0,1) → Γ(0,0) ⊕ Γ(0,2). Now
∂
∗
∂f = (∂+∂
∗
)∂f . Since ∂f is orthogonal to ker(∂+∂
∗
), again by Schauder estimate
there exists a constant c2 such that for all such f , ‖∂
∗
∂f‖k−2 ≤ c2‖∂f‖k−1. The
Lemma follows. q. e. d.
For the following lemma, see also [10, 5.118, 5.119].
Lemma 11 There exist constants C2 and C3 such that for all ψ and φ in Γ
0 ⊗ E ,
‖φ‖k ≤ C2‖∂φ‖k−1; (50)
‖{ψ, φ}‖k ≤ C3‖ψ‖k+1‖φ‖k+1. (51)
Proof: Since {Υτ : 1 ≤ τ ≤ D} is a Hermitian basis and elements are holomorphic,
(50) follows from Lemma 10.
To prove (51), we assume that ψ = g1A1, φ = g2A2 where A1 and A2 are one of
the elements in the Hermitian basis {Υτ : 1 ≤ τ ≤ D}. By Lemma 1, there exists
fτ such that {g1A1, g2A2} = g1g2
∑
τ ∂fτ ∧ Υτ . By definitions, ‖{g1A1, g2A2}‖
2
k ≤∑
τ ‖g1g2∂fτ‖
2
k. Define
c2(A1, A2) =
√
max
ℓ≤k,τ
sup |∇ℓ∂fτ |2.
This constant depends on A1 and A2 because fτ does. Define
c2 = max{c2(A1, A2) : A1, A2 ∈ {Υτ : 1 ≤ τ ≤ D}}.
Then ‖g1g2∂fτ‖k ≤ c2‖g1g2‖k. It is known [11, page 73] that there exists a constant
c3 such that ‖g1g2‖k ≤ c3‖g1‖k‖g2‖k if k ≥ dimS
2 + 1 = 3. Combining all these
inequalities, we have
‖{g1A1, g2A2}‖k ≤ Dc2‖g1g2‖k ≤ Dc2c3‖g1‖k‖g2‖k
= Dc2c3‖g1A1‖k‖g2A2‖k ≤ Dc2c3‖g1A1‖k+1‖g2A2‖k+1.
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In general, ψ =
∑
τ ψτΥτ , φ =
∑
τ φτΥτ . For k ≥ dimS
2 + 1 = 3, we obtain:
‖{ψ, φ}‖2k = ‖{
∑
ψτΥτ ,
∑
φρΥρ}‖
2
k ≤
∑
τ,ρ
‖{ψτΥτ , φρΥρ}‖
2
k
≤ D2c22c
2
3
∑
τ,ρ
‖ψτ‖
2
k+1‖φρ‖
2
k+1 = D
2c22c
2
3(
∑
τ
‖ψτ‖
2
k+1)(
∑
ρ
‖φρ‖
2
k+1)
= D2c22c
2
3‖
∑
ψτΥτ‖
2
k+1 · ‖
∑
φρΥρ‖
2
k+1 = D
2c22c
2
3‖ψ‖
2
k+1‖φ‖
2
k+1
The proof is completed. q. e. d.
Lemma 12 Let Φ =
∑
n Φnt
n. Suppose that the coefficients Φk are vector-valued
(0, 1)-forms with the property that
∂Φn+1 = −1/2
n∑
i=1
{Φi,Φn+1−i} (52)
and suppose they satisfy the inequalities (50) and (51). Then for small enough t, Φ
is convergent.
Proof: Take a power series A(t) =
∑∞
n=1 ant
n =
∑
k (ct)
n
n2
. It has nonzero radius of
convergence. As seen in the proof of [10, Equation 5.116],
1
16k
n∑
i=1
aian+1−i ≤ an+1.
Suppose that ‖Φn‖
2
k ≤ an up to some n. By the last lemma,
‖Φn+1‖
2
k ≤ C
2
2‖∂Φn+1‖
2
k−1 ≤
C22
4
n∑
i=1
‖{Φi,Φn+1−i}‖
2
k−1 ≤
C23C
2
2
4
n∑
i=1
‖Φn+1−i‖
2
k‖Φi‖
2
k.
If we choose 1
16k
=
C2
3
C2
2
4
and c so that ‖Φ1‖
2 ≤ a1 = kc, we obtain:
‖Φn+1‖
2
k ≤
1
16k
n∑
i=1
‖Φn+1−i‖
2
k‖Φi‖
2
k ≤
1
16k
n∑
i=1
an+1−iai ≤ an+1
So the Lemma follows by induction. The convergency of A(t) is proved. q. e. d.
For any element Φ1 inH
1(W,DW ) ⊂ H
1(W,ΘW ), Lemma 1 inductively determines
solutions for the recursive formula ∂Φ(t) + 1
2
{Φ(t),Φ(t)} = 0. Lemma 12 shows that
there exists ǫ > 0 such that the power series Φ(t) = Φ1t + Φ2t
2 + . . . converges
when |t| < ǫ. It follows from Kodaira-Spencer theory that Φ1 is an infinitesimal
deformation. Proof of Theorem 2 is completed.
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4.3 Hypercomplex Deformations
The integrability of Φ1 amounts to a deformation of quaternionic structures [15].
We complete our discussion on deformation of hypercomplex structures by showing
that every quaternionic deformation of the given hypercomplex structure on X is a
hypercomplex deformation. This is Theorem 3.
The underlying smooth structure of the twistor spaces of the deformed quater-
nionic structures on X remains to be X×S2. The underlying smooth structure of the
twistor spaces of the deformed quaternionic structures on T 4m is T 4m×S2. The natu-
ral projections pW and pZ from these spaces onto S
2 satisfy the identity pW = pZ ◦Ψ.
When the twistor spaces are given the un-perturbed hypercomplex structures, the
maps pW and pZ are holomorphic. We complete the proof of Theorem 3 by showing
that for all local deformations found in the previous paragraph, the maps pW and
pZ are holomorphic. They are denoted by p in the previous sections. As a result
of general twistor theory [15] [16], the deformed quaternionic manifolds are in fact
hypercomplex manifolds.
To verify our claim on the open set U2, we consider any distribution determined
by the convergent power series Φ(t) =
∑
nΦnt
n where Φ1 is in H
1(W,DW ) ⊂ E , and
Φn is in Γ
0⊗E for all n ≥ 2. On the open set U2 of the twistor space W , the space of
(0, 1)-vectors is spanned by {V
α
i ,
∂
∂µ
}. Then (0, 1)-vectors for the deformation family
are spanned by
V
γ
k(t) := V
γ
k + Φ(t)(V
γ
k) = V
γ
k +
∑
n
tnΦn(V
γ
k) (53)
and ∂
∂µ
. To prove that pW is holomorphic for this family of complex structures, we
verify that its differential sends (0, 1)-vectors to (0, 1)-vectors. Since dpW (
∂
∂µ
) = ∂
∂µ
,
our only concerns are on dpWV
γ
k(t) which is equal to
dpW (V
γ
k) +
∑
tndpW (Φn(V
γ
k)). (54)
By construction, Φn is in the space E (44). Therefore, Φn(V
γ
k) is a linear com-
binations of V ρℓ for some ℓ and ρ. Therefore, it suffices to prove that dpW (V
γ
k) = 0
for all k and γ. Indeed, when γ = m + 1, V
γ
k is given by coordinate vector fields
∂
∂wm+1i
. As these vector fields are vertical with respect to the project pW , they are in
the kernel of the differential of pW . Strictly speaking, when 1 ≤ γ ≤ m, the element
V
γ
k is contained in H
0(W,Ψ∗D). They could be interpreted as tangent vectors on W
only after a lifting process as described in our coboundary map computation in the
proof of Theorem 2. In particular, as seen in (6) the lifting of ∂
∂xj
is Xj and
∂
∂yj
is Yj.
Taking this lifting into account, we have the identity
dpW (V
γ
k) = dpZ ◦ dΨ(V
γ
k) = dpZ(V
γ
k)
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where V
γ
k on the right hand side of the equation is now interpreted as a vector field on
Z. On Z, V
γ
k is spanned by
∂
∂w
γ
j
. As it is obviously in the kernel of dpZ , we complete
the proof that the map pW is holomorphic.
4.4 Quaternionic deformations
Computation in the last section suggests that we have to take a closer look at the
parameter count for hypercomplex and quaternionic deformations and their relations.
The relation could be manifested by the details in the following result.
Lemma 13 The coboundary maps δ0 and δ1 from the zero-th and first cohomology
respectively in the induced cohomology sequence of
0→ DW → ΘW → p
∗O(2)→ 0 (55)
are injective.
Proof: Due to Lemma 4, the following twisted k-forms form a basis forHk(W, p∗O(2)).
λ2+k−l1 λ
l
2Ω
α1
1 ∧ · · · ∧ Ω
αi
1 ∧ Ω
β1
2 ∧ · · · ∧ Ω
βj
2 (56)
where 0 ≤ l ≤ 2 + k and 1 ≤ αi, βj ≤ m+ 1.
Using the standard identification between quadratic polynomials and global holo-
morphic vector fields on CP1, i.e. (aλ21 + bλ1λ2 + cλ
2
2) 7→ (aµ
2 + bµ + c) ∂
∂µ
, we
consider the above sections as holomorphic 1-forms on the twistor space with values
in the tangent bundle of CP1. Then the above sections are identified to
s = µ2+k−l
∂
∂µ
σα11 ∧ · · · ∧ σ
αi
1 ∧ σ
β1
2 ∧ · · · ∧ σ
βj
2 . (57)
To find the image of s through the coboundary map δk, we lift the 1-forms by pull-
backs and the vector field is lifted to W . It defines a smooth lifting sˆ. We use
the Chern connection ∇ on the holomorphic tangent bundle on W to define the ∂-
operator ∂
∇
. Then δks is represented uniquely by the cohomology class of ∂
∇
sˆ. Since
the function µℓ+2−l and the forms σα1 and σ
β
2 are holomorphic,
∂
∇
sˆ = µ2+k−l
(
∂
∇ ∂
∂µ
)
∧ σα11 ∧ · · · ∧ σ
αi
1 ∧ σ
β1
2 ∧ · · · ∧ σ
βj
2 . (58)
Due to an observation of Gauduchon [4], for any (0,1)-vector X , and (1,0)-vector Y ,
∂
∇
XY = [X, Y ]
1,0. Using (33) and (34), we find that
[∂
α
1 ,
∂
∂µ
]1,0 = −
∂α2
1 + |µ|2
, [∂
α
2 ,
∂
∂µ
]1,0 =
∂α1
1 + |µ|2
,
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It follows that ∂
∇
(
∂
∂µ
)
is equal to
−
dwα1 ⊗ ∂
α
2
1 + |µ|2
+
dwα2 ⊗ ∂
α
1
1 + |µ|2
+
wα1 − µw
α
2
(1 + |µ|2)2
dµ1 ⊗ ∂
α
1 +
wα2 + µw
α
1
(1 + |µ|2)2
dµ1 ⊗ ∂
α
2
= −
dwα1 ⊗ ∂
α
2
1 + |µ|2
+
dwα2 ⊗ ∂
α
1
1 + |µ|2
−
zα2
(1 + |µ|2)2
dµ1 ⊗ ∂
α
1 +
zα1
(1 + |µ|2)2
dµ1 ⊗ ∂
α
2
=
∑
α
(σα2 ⊗ ∂
α
1 − σ
α
1 ⊗ ∂
α
2 ) .
Therefore, ∂
∇
k sˆ is equal to
µ2+k−l
∑
α
(σα2 ⊗ ∂
α
1 − σ
α
1 ⊗ ∂
α
2 ) ∧ σ
a1
1 ∧ · · · ∧ σ
ai
1 ∧ σ
b1
2 ∧ · · · ∧ σ
bj
2
= λ2+k−l1 λ
l
2
∑
α
(
Ω
α
2 ⊗
1
λ2
∂α1 − Ω
α
1 ⊗
1
λ2
∂α2
)
∧ Ω
a1
1 ∧ · · · ∧ Ω
ai
1 ∧ Ω
b1
2 ∧ · · · ∧ Ω
bj
2
= λ2+k−l1 λ
l
2
∑
α
(
Ω
α
2 ⊗ V
α
1 − Ω
α
1 ⊗ V
α
2
)
∧ Ω
a1
1 ∧ · · · ∧ Ω
ai
1 ∧ Ω
b1
2 ∧ · · · ∧ Ω
bj
2 .
This map is injective when k = 0, 1. In particular,
δ0(λ
2−l
1 λ
l
2) = λ
2−l
1 λ
l
2
∑
α
(
Ω
α
2 ⊗ V
α
1 − Ω
α
1 ⊗ V
α
2
)
(59)
The proof is now completed. q. e. d.
As a consequence of the last lemma, the following sequence is exact
0→ H0(W, p∗O(2))→ H1(W,DW )→ H
1(W,ΘW )→ 0. (60)
It confirms, but does not prove our result in the last section, that every quaternionic
deformation is a hypercomplex deformation. The new information in the above exact
sequence is, that for every hypercomplex deformation parameter, there is a three-
dimensional hypercomplex deformation within one quaternionic class. This parameter
space is contributed by H0(W, p∗O(2)) ∼= S2C2. Since H1(W,ΘW ) is the virtual
parameter space for complex structures on the twistor space W , its real subspace
with respect to the real structure τ is the parameter space for quaternionic structure
on X , it completes the proof of Theorem 4.
4.5 Deformations of Torus
During the course of our computation, significant amount of information on defor-
mation of the hypercomplex structure on the torus T 4m as a quotient of the quater-
nion module Hm is revealed. By Lemma 3, the virtual parameter space for hy-
percomplex deformation on the torus T 4m is the real part of the complex vector
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space t1,0 ⊗ t∗(0,1) ⊗ S2C2. Its real dimension is equal to complex dimension; i.e.
(2m)2 × 3 = 12m2. To prove integrability, we apply the method in Section 4.1 with
the space E replaced by H1(Z,DZ). In this case, we do not need the work in Sec-
tion 4.3 to conclude that every deformation generated by H1(Z,DZ) is hypercomplex
as the power series generated in Section 4.1 has values in H1(Z,DZ). Finally, the
exact sequence (60) has its counter part on Z. Therefore, the parameter space for
quaternionic deformation on T 4m is equal to 12m2 − 3.
In Section 2.2, we construct a hypercomplex structure on R4m by left multipli-
cation of unit quaternions i, j and k on Hm. As seen in Section 2.1, the torus
T 4m is the quotient of R4m with respect to the lattice group φ(Γ) ∼= (Z4m,+).
The right multiplication by a generic element in GL(4m,R) changes the hyper-
complex structure on T 4m by choosing different identification from R4m to Hm.
The isotropy subgroup with respect to the quaternion basis {Qa, 1 ≤ a ≤ m} is
GL(m,H). Therefore, the (coarse topological) moduli space of hypercomplex struc-
tures is Aut(Z4m)\GL(4m,R)/GL(m,H) where Aut(Z4m) is the discrete subgroup
of GL(4m,R) consisting of automorphisms of the lattice. Furthermore, left multi-
plication of Sp(1) changes the hypercomplex structure but keeps the quaternionic
structure. Therefore, the (coarse topological) moduli space of quaternionic structures
is Aut(Z4m)\GL(4m,R)/GL(m,H) Sp(1). Our computation on the dimension of
moduli proves that these spaces are the entire connected component of the moduli
space of hypercomplex deformations and quaternionic deformations respectively.
5 Moduli of Invariant Hypercomplex Structures
By invariant hypercomplex structure we mean a triple of left-invariant complex struc-
tures on X with the usual relations. Such triple is determined by its values at the
identity. The first observation in this section is due to the power series calculations
in Section 4.1.
Proposition 2 Any small deformation of the hypercomplex structure on X consists
of invariant structures.
Proof: From the calculations in the proof of Proposition 1, Section 4.1 we can conclude
that in the series Φ(t) =
∑
n Φnt
n all terms Φn belong to Γ0 ⊗ E . In particular for
every fixed t0, Φ(t0) is in the same space. Then substituting (λ1, λ2) with (1, 0), (0, 1)
and (i, 1) we obtain elements in E . They determine invariant complex structures by
identifying E with a subspace of the space of sections in T (1,0)X⊗T ∗(0,1). Each section
is identified with the image of the bijective linear map Id + Φ : T
(0,1)
I X → T
(0,1)
J X
and the deformed structure J is defined from here. Since the elements of E are given
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by invariant sections, the deformed structures are invariant. Then the three invariant
complex structures give rise to an invariant hypercomplex structure. q. e. d.
Further in this section we investigate the deformations of the hypercomplex struc-
tures on (H4m+1 ×R
3)/Γ arising from the deformations of the lattice Γ. As we will
see this space differs from the space of invariant hypercomplex structures.
From Theorem 6 the left invariant hypercomplex structure defined in Section 2.2
is equivalent to the canonical one on Hm.
Now if Γ′ is another lattice in H4m+1×R
3 such that the quotient spaces H4m+1×
R3/Γ and H4m+1 × R
3/Γ′ are isomorphic as hypercomplex manifolds, then Γ and
Γ′ are isomorphic. According to ([17], Theorem 2.11, Corollary 2) the isomorphism
between the two cocompact subgroups is uniquely extended to an automorphism Υ of
H4m+1×R
3. Then by the functorial property of the exponential map there is a unique
Lie algebra automorphism Υ of h4m+1⊕t
3 defined by Υ. In particular the deformations
arising from deformation of the lattice lie in the orbit of the automorphism group of
h4m+1 ⊕ t
3 containing the standard hypercomplex structure. Bellow we consider the
form of Υ.
Proposition 3 Let {Z,E1, E2, E3, X2a−1, X2a, Y2a−1, Y2a} be an ordered basis for h4m+1×
R3. The automorphism group of h4m+1 ⊕ t
3 consists of elements Υ leaving the center
invariant of the form:
Υ =
(
A B
0 C
)
where A is in Endc⊕Hom(t3, c⊕ t3), and B is in Hom(h4m+1⊕ t
3, c⊕ t3). Moreover,
C is a matrix preserving the symplectic form in R4m up to a constant.
Proof: The Lie brackets is
[V, V ′] = −2ω(V, V ′)Z
for the skew form ω with Kerω = span{Z,E1, E2, E3} and ω(V, V
′
) = 2(−yix
′
i+xiy
′
i)
where V = (z, ej , xi, yi) and V
′ = (z′, e
′
j, x
′
i, y
′
i) in the given basis. Since Υ preserves
the center and the direct sum h4m+1 ⊕ t
3, Υ(Z) = S0Z for some constant S0. From
the form of the brackets above we obtain ω(Υ(V ),Υ(V ′)) = S0ω(V, V
′). q. e. d.
For further use denote the set of all Υ for which ω(Υ(V ),Υ(V ′)) = Sω(V, V ′) for
a fixed S as CSSp(2m,R)
Corollary 1 The dimension of the space of automorphisms in Proposition 2 is 13 +
18m+ 8m2
26
Proof: We calculate the dimensions of the three blocks. The 4×4 block in the upper-
left corner consisting of S’s has dimension 13. The upper-right block with Fa’s and
Ga’s has dimension 4 × 4m = 16m. Finally the set of symplectic transforms up to
a constant CSp(2m,R) has the same dimension as the group Sp(2m,R) which is
2m(4m+1). When we sum up the dimensions the result follows.
q. e. d.
For any automorphism Υ of h4m+1 ⊕ t
3, we define hypercomplex structure IΥ by
Υ−1 ◦I ◦Υ with the new basis Υ. Then it will induce hypercomplex structure defined
on (H4m+1 ×R
3)/Υ(Γ) via factorisation. Now we have to consider which Υ give rise
to equivalent structures on the factor-space.
Proposition 4 The hypercomplex spaces (H4n+1 × R
3)/Γ and (H4n+1 × R
3)/Υ(Γ)
are equivalent if and only if:
A = sI, s 6= 0
B ∈ CSp(2m,R) ∩GL(m,H) = CSp(m)
C = (C1C2...Cn), Ci =


α2i−1 α2i β2i−1 β2i
−bi ai −di ci
−ci di ai −bi
−di −ci bi ai


In particular the dimension of the group of hypercomplex automorphisms arising
in this way is 1 + 9m+ 2m2.
Proof: Any hypecomplex automorphism of H4m+1×R
3/Γ gives rise to automorphism
on H4m+1 × R
3 = Hn+1 which interchange the actions of Γ and Γ′ = Υ(Γ). But
any hypercomplex automorphism of Hn+1 is an affine transformation by a theorem
of Ehresman. So (A,v) : q → Aq + v with A ∈ GL(n + 1,H) is a general form of a
hypercomplex automorphism. Then to verify the proposition we have to check that
if
(A,v) ◦ γ = γ
′
◦ (A,v)
with γ ∈ Γ and γ
′
= Υ(γ) ∈ Υ(Γ), then Υ has the proposed form.
The group multiplication is expressed in terms of ω as
x ∗ x
′
= x+ x
′
+ ω(x, x
′
)z
where z = (1, , 0, 0, ..., 0) is the center generator . Then the condition above becomes
A(γ ∗ q) + v = γ
′
∗ (Aq+ v). It follows that
Aγ + ω(γ,q)Az = γ
′
+ ω(γ
′
, Aq+ v)z.
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Substituting q = 0, we have
Aγ = γ
′
+ ω(γ
′
,v)z.
Substitute the last formula back, we have
ω(γ
′
, Aq)z = ω(γ,q)Az and Aγ = γ
′
+ ω(γ, A−1v)Az.
It follows that
Υ(γ) = γ′ = Aγ − ω(γ, A−1v)Az.
As both A and ω are linear, Υ is linear. The above formula is applicable to any
element in H4m+1 ×R
3. It also shows that (A,v) uniquely determines Υ.
Now using the identification of Υ and Υ via the exponential map we are going to
obtain the form of Υ in the proposition. Note that A is simultaneuosly Lie-algebra
automorphism described in Proposition 2 and an element of GL(m+ 1,H).
We first consider the case v = 0. Here we have to characterize the matrices
A as above. The group GL(m + 1,H) is identified with the group preserving the
hypercomplex structure. The structures I1, I2, I3 are formed by 4 × 4-blocks along
the diagonal of the following type:
J1 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0


and
J2 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0


and J3 = J1J2. Then when we divide the matrix of Υ in 4×4-blocks, then each block
should represent a matrix which commute with J1 and J2 above. The general form
of a 4× 4 matrix which commutes with J1 and J2 is
B =


a b c d
−b a −d c
−c d a −b
−d −c b a


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for some numbers a, b, c, d. The diagonal blocks additionally have nonzero determi-
nant.
Now the upper-left corner of A has first column with zero’s except S0, so it
is proportional to the identity. The lower-right corner is 4m × 4m consisting of
P2a−1, P2a, Q2a−1, Q2a is an element of CS0Sp(m). Finally the upper-right 4 × 4m
corner consists of 4 × 4 matrices (F2i−1...G2i) for i = 1, ...m. Here i represents the
number of the block. Then all matrices have the form of B above.
Now we have to consider the case v 6= 0. In the formula γ → Aγ − ω(γ, A−1v)Az
we have that the second term is always proportional to z i.e. ω(γ, A−1v)Az = Cz.
By varying v we may choose any constant of proportion C. Now when γ is chosen to
be any of the basic vectors the formula above changes an element of the first row of
Υ because of this term. Thus the first row of Υ is arbitrary. With this we have the
form of the matrix (F2i−1, F2i, G2i−1, G2i) in the proposition since the center is the
first element in the basis. From here the proposition follows.
q. e. d.
Corollary 2 The dimensions of automorphisms in Proposition 3 is 1 + 9m+ 2m2
Proof: The calculation is similar to that in the previous Corollary. This time the
dimension of upper-left corner is 1, because the matrix is proportional to identity.
As efore the dimension of the set CSp(m) is the same as the dimension of Sp(m) =
Sp(m,C)∩U(2m) = m(2m+1). Finally the block with Fa’s and Ga’s has dimension
2× 4m = 8m. This gives the corollary. q. e. d.
From the above we obtain that the space of effective parameters for the defor-
mations of the hypercomplex structures on X arising from deformation of the lattice
is G
H
where G is the group of all Υ’s in Proposition 2 while H is the group de-
scribed in the Proposition 3. The dimension of this space is 12 + 9m + 6m2. Now
dimCH
1(W,DW ) = 12+ 11m+6m
2 and H0(W,DW ) is generated by the elements in
the center of X . To count the independent parameters in the deformation space we
need the following:
Lemma 14 All elements in the basis of H1(W,DW ) from (43) are invariant under
hypercomplex transformations.
Proof: The elements inH0(W,DW ) are described in Lemma 5. In particular the whole
space is spanned by linear combinations of the vectors in the center (Z,E1, E2, E3)
with coefficients depending on the fiber coordinate µ. More precisely H0(W,DW ) =
span{Wm+1k = IkZ − iI~aIkZ} at the point ~a. Then W
m+1
k are expressed locally as in
(36) in terms of the local vector fields ∂m+1i . The ∂
m+1
i themselves are defined in (34).
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In particular there is no d
dµ
involved. The space H1(W,DW ) is a subspace of the span
of λk1λ
2−k
2 V
a
i Ω
b
j. Again as in the calculation for the Nijenhuis bracket the elements
are expressed locally in terms of µ
k
|µ|2+1
∂αi σ
β
j for k = 0, 1, 2. Here µ is inessential too.
Now we have to check that LX(A) = 0 for X ∈ H
0 and A ∈ H1. The formula we
need is:
LX(α⊗ Y ) = (LXα)⊗ Y + α⊗ (LXY )
Now we take X to be any vector which is linear combination of (Z,E1, E2, E3)
with coefficients depending on µ. Then LXV
a
i = 0 for any V
a
i - here µ is a constant
for the differentiations. Moreover using
L∂m+1i (σ
α
j )(∂
β
k) = ∂
m+1
i (σ
α
j (∂
β
k))− σ
α
j ([∂
m+1
i , ∂
β
k ]) = 0
we see that LXΩ
b
j(Y ) = 0 for X in H
0 because Y is a combination of vectors ∂βk .
q. e. d.
So by the Lemma all small deformations of the structures are again invariant
structures by Cathelineau’s theory and there are no equivalent deformations in H1.
Corollary 3 There are deformations of the hypercomplex structure on X which do
not arise from a deformation of the lattice Γ.
This combined with Proposition 2 proves Theorem 5 from the Introduction.
Remark 1 We note a similar phenomena for the complex deformations of the 3-
dimensional complex Heisenberg group G. The local moduli space around its canonical
complex structure is calculated by [13] and is 6 dimensional. The connected component
of the invariant complex structures at this point is again 6-dimensional, but the orbit
of the complex structure under the action of the automorphism group of G is only 2
dimensional [19]. Since every two lattices are equivalent under an automorphism of
G, it follows that there are deformations of the complex structure, which do not arise
from deformations of the lattice, unlike the case of the complex torus. This also led
Nakamura [13] to the conclusion that a small deformation of a complex parallelizable
manifold is not necessary complex parallelizable. What we proved in this section is
that similar fenomena holds for the small deformations of the hypercomplex structure
of X.
Remark 2 One could notice that above we included identifications of the structures
which arise from affine transformations. This identifies additionally some structures
in the orbit of the automorphism group, since it acts only by linear transformations.
So the number of effective parameters for the small deformations is less then the
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dimension of the orbit. Similar fenomena appears in the complex deformations of
H2n+1 × R/Γ as described in [6]. Due to the translation factor, there are no ”off-
diagonal” deformations. The difference in the hypercomplex case is that this amounts
to all identifications because of the properties of hypercomplex automorphisms of Hn.
In the complex deformations case, this follows from the Kuranishi theory [12].
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